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ASYMPTOTIC SOLUTION OF THE PROBLEM OF THE
INTERACTION OF A PLATE WITH A FOUNDATION
INHOMOGENEOUS IN DEPTHY

S. M. AIZIKOVICH
Rostov-on-Don
(Received 26 May 1994)

The equations of the contact problem of a circular plate interacting with a half-space inhomogeneous in depth are considered.
The Lamé coefficients vary with depth in the half-space according to a general law—that of a gradient (continuously inhomo-
geneous) or laminated half-space. Use is made of the series expansions of the contact pressures under the plate and of its deflections
[1], the terms of the series being the eigenfunctions of the equation of the bending of the plate with boundary conditions
representing support conditions for the plate. To solve the dual integral equation, the two-sided asymptotic method of {2, 3] is
used. It is proved that, unlike orthogonal polynomial methods and asymptotic methods of the “large A” and “small A” types, the
method proposed here is effective for both rigid and flexible plates and is asymptotically exact for A > 0 and A > = (Ais a
characteristic geometric parameter, defined as the ratio of the thickness of an inhomogeneous layer to the radius of the plate).
An analysis is made of how different laws of variation of the Lamé coefficients with depth in the half-space may affect the
distribution of contact pressures under the plate, its deflection and the settlement of the surface of the half-space outside the
contact zone.

1. The contact problem for the interaction of a circular plate with a half-space inhomogeneous in depth reduces
to solving the following system of equations [4]

Pw(r)=D"[p(r)-q(r)], O0<r=<i (1.1)

JO( L) Jg(ar)da = shw(r), O<r<]
0

oo

(])Q(a)lo (ar)da=0, r>1 1.2)

r=r'IR, s=0¢R'/ID, ©,=0(0)
O(2) =2M()(M()+ A(2))/ (2M(2) + A(2))
where L is the differential operator of the bending of the plate in a cylindrical system of coordinates, p(r) is the

distributed load, g(r) is the contact stresses under the plate and w(r) is its deflections. The plate, of radius R, rests
freely on an isotropic half-space, whose Lamé coefficients vary with depth according to the law

A=Ap(2), M=My(z), ~H=sz<0

A=Ag(-H), M=My(~-H), —w<z<-H
where Ag(z) and My(z) are arbitrary continuous functions of depth (the variable z), A = H/R is a characteristic
geometrical parameter, s is a parameter characterizing the bending stiffness of the plate and D is the bending stiffness

of the plate.
The function w(r) must satisfy the free-edge conditions on the contour of the plate

2
d‘w  vdw d 0 (13)

where v is Poisson’s ratio of the plate and A is the Laplacian in polar coordinates; the function must, moreover,
be bounded at the origin together with a differential expression corresponding to the bending moment.

In the general case of arbitrary continuous inhomogeneity, the transform of the kernel L(c) is constructed by
the numerical method proposed in [5]; on the assumption that
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min ©(z)=¢; >0, max O(z)sc<e, lim O(z)=const (1.4)
2€(0:-00) z2€(0;-) Id—oe

it possesses the following properties [5, 6]
L(@)=A+Bla|+0@?), a—0, A= lim ©(0)/0(z)

z-o

Lo)=1+Clof" +0(@™?), a->ee, B,C=const (1.5)

%. We shall assume an acquaintance with the definitions of the classes of functions C¥(0, 1), L%(0, 1) [7],
Cl(,z) *(-1,1) [8]. Letfe C*(0, 1) (or, more generally, fe L%(0, 1)), and suppose that the function satisfies conditions

(1.3). Then it can be represented in [0, 1] as a series in the natural modes of oscillation of a circular plate with a
free edge [9]

o0 l
f(N= X fu@u(r), Osr<l, f,=[f(p)g,(p)pdp (21)
0

m=0
Do = 2}/2’ P (r)=Ap[Jo(kyr) - B, Iy (kyyr)]
Bm =Jl (km)/ll (km) (2'2)
The values of 4,, and k,,, m = 0, 1, . . ., 10, are given in [1]. If fe L*(0, 1), we understand (2.1) to mean that

k
imjf- % Su®m (1)

1
k—ro0 m=0

2 - (2
=0, |flz =X f,
lfz(l.l) " "l«“) m=0 "

which is Parseval’s equality.
Let us assume that the deflection function of the plate can be expanded in series (2.1)

oo

i
w(r)= % wyQ,(r), 0<r<ii w, =[w(p)e, (p)pdp (2.3)
0

m={)

Taking linearity into account, we conclude that the expression for the contact pressures is a linear combination of
particular solutions g,,(r) with the same coefficients w,, as for the deflection functions w(r) in (2.3)

qr)= ¥ w,q,(r), 0sr=<|] 24)
m=0

The particular solutions g,,(r) (m = 0, 1, . . .) are determined from the integral equation (1.2). The method of
construction and the actual form of the functions g,,(r) may be found in [10]. We shall say that L(c) belongs to
class Iy(Zy, Ty, o) if the following relations hold, respectively

N
[T + A2 e + B = Ly (Mo e Ty

i=]

M 2
L) ={ T CA7Mal@? + DY) = (M) e £y
k=1

L_N(Xa)+L’,f,(ka)eSN.M

where 4, B;(i=1,2,...,N),C,, Dy (k = 1,2,..., M) are certain constants, (4; ~A) (B;— B) #0,i #k.
It was proved in [8] that if L(o)) possesses properties (1.4) it can be approximated by expressions of the
form

L(Ao) = Ly (het) + LZ (hex) 2.5)

Henceforth, an integral operator corresponding to L(o) and belonging to class X will also be denoted by X.
Using (2.5), we rewrite (1.2) in operator form as

Myg+Zg=f (2.6)
Corresponding to the operator Iy in (2.6) we have a function L(c) of class Iy, and to $y—a function L(cx) of

class Iy, M = oo,
We shall say that Eq. (1.2) satisfies condition A4 if, whenever L(a) € Iy, one can construct a closed solution
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following [11]. We shall denote this solution by
-1,
' =Tiyf 2.7

In other words, condition 4 means that, for functions f{x) of some class W{c, d), a function g(x) of some class
V{(c, d) exists such that (2.7) holds. It follows from (2.7) that

N -,
u‘l Iv(‘_'d) = m(ﬂ)v)“fuw(c_d), m(M ) = const 28)

where m(X) denotes some constant which depends on the actual form of the function in X. "
It has been proved [8] that, if conditions (1.4) are satisfied, Eq. (1.2) has a unique solution in the space C(l,?(-l,
1) for @(r) of type (2.2) for 0 < A < A* and A > X”, where A* and A’ are certain fixed values of A, and moreover

b 1.0y < MMy E ) Mg (-11) (29)

Thus, A may be chosen in such a way that the operator ;'L is a contraction [7], and expression (2.7) is an
asymptotically exact solution of Eq. (2.6) asA - 0 and A — co.

3. Let us replace w(r) on the right of Eq. (1.2) by the mth eigenfunction @,(r). Using previous results [8],
one can write down a closed approximate solution of Eq. (1.2) in the form (2.7), relative to g [10].
The contact pressures g2¥(r), in turn, may be written as series (2.1). We have

oo 1
ah = % 20, (). 7 = [qN (Ne(p)pdp (.1)
i= 0

The actual form of X7 is shown in [10].
We shall assume that p(r) € C*(0, 1) (or, in a more general form, p(r) € L*0, 1)), i.e. it can be expressed as a
series

o0 l
p(n= Z Pu®@ulr), pm= Ip(P)(P,.,(p)pdp (32)
0

m=0

Then, substituting expansions (2.3), (3.1) and (3.2) into (1.1), we obtain an infinite system of linear algebraic
equations for the coefficients w,,, which can be written in canonical form as [7]

Wo-— 3 wEN =2 =012, a=- (33)
m j=0 k’”
We have
; o0
z ,—:" =M le’ml <eo
m=0 k,,, m=0

given the restrictions imposed on p(r).
It follows from estimate (2.9) and the equilibrium conditions of the plate that
2xl 2rl
§ [qUryrdrdo = [ | p(r)rdrde
00 00

We have

Y kT [EF < X 3 E < MIYE) T |paf <
m=0 j=0 m=0 j=0 m=0

Thus, by Theorem 3a of [7, p. 503}, if 2 = -1 is not an eigenvalue of system (3.3), the system may be solved by the
reduction method (replacing it by a system of # equations in 7 unknowns)

w ——E—EIWE'"=£-’£‘- m=0,1,.,n-1;, a=-1 3.4
m k:;j=0 Fhad k,:' =4 1..., ya= (3.4)

where, for sufficiently large n, system (3.4) is solvable and the approximate solutions converge to the exact solution.
We have thus proved the following theorem.
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Theorem 1. Let conditions (1.4) hold and let p(r) € V{(0, 1),i = 0 ori = 1 (V3(0, 1) = C*0, 1), V,(0, 1= L2(0
1)). Then the system of Eqs (1.1) and (1.2) is uniquely solvable forw(r) e ¥(0,1) i =0ori = 1),q(r) € C(Ug (-1,
1) for 0 < A < A* and A > A% where A and A? are certain fixed values of A. Under these conditions the following
estimates hold

(Pl 0.0y < TN Z POy .0,

Ilq(r)“q})zh(—l.l) =m (rIszon )"I’(")“Vl(o'l)

4. We will now proceed to an asymptotic determination of the settlement in the surface of the half-space outside
the contact zone. Equation (1.2) was obtained by using the following representation for the vertical displacements
of the surface of the half-space

f(r)= ;—li-TQ(a)L(M)Jo(ar)da 4.1)
0

Let us find an analytic expression for this function f{r) when L(at) € Iy, 7 > 1. If L(cx) € [Ty, the function Q" ()
is obtained in analytic form when constructing a solution of Eq. (1.2). Using formula (4.1), we obtain an expression
for the functions f{r), r > 1, if L() € Iy, which we denote by f¥(r). By (2.4), Q"(ct) may be written as

oV =3 w,0N )

m=0
The corresponding expressions for the functions f¥%(r) are

V= %A,,, {(G(r.ky) - B, G(r.iky )+

+2 Db A7 1| W, (kyy) = B, W, Gk )+ ZC""Y,,(mIl )”, r>1, m=0,1,2,. “4.2)
n=1
i . __asina
¥, (@)= Ly Ay, (a). ¥, (@) S Tral
cos At

*exp[A'b, (1-1)]
=

%m G(Ar)= j
1 2 2 Vr —t

2

2,2 b +a;
o, =it i ek
i®n
Finally, we obtain
N M N
Sin=% WS (1), r>1 (4'3)
m=0

where w,, are the same coefficients as in (2.3).

The question arises of the use of formulae (4.2) and (4.3) to determine the settlement of the surface of an inhomo-
geneous half-space, i.c. when the transform of the kernel L(c) possesses properties (1.5) and L(o) belong to class
Sy, u- By Theorem 1, solution (2.7), represented by formulae (3.1) and (2.4), is an asymptotically exact solution
of Eq (1.2) when the operators L(ox) belong to class Sy, 5 as A — 0 and A — . Substituting this asymptotic solution
4" into (1.2) for L(c}) € S, N, m> We find an appro:nmate solution for the settlement of the surface of the inhomogeneous
half-space outside the contact zone, f°(r) in the general case, when L(c) € Sy, y

FO =My + g0, r>1

The asymptotic properties of the solution of system (1.1), (1.2) are established in the finite interval r € {0, 1].
We shall show that these asymptotic properties are preserved when changing to the approximately determined
function f{r), r € (1, «).

We may assume without loss of generality that M = 1. In that case
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z "(r)=} N T——EE—J (as)Jp (ap)da |dp =
19 Oq 0(12+sz-2 0 olCp
1
=NV Ko (rDN1 )N (9) 1o (pDAypdp, r>1
0

Using the asymptotic properties of cylindrical functions of an imaginary argument, we obtain the estimates
malxl}:qu(r)|s M" exp(-DX'8), A >0, A>X"), §=r-p>0
r>

mf:('i,q"(r)‘sMo)C”‘, A—)m()oxo), £>0, €0
r

where the constants M* and M° are independent of A. This implies the following theorem.

Theorem 2. Formulae (4.2) and (4.3) provide an asymptotically exact representation of the settlement of the
surface of a half-space inhomogeneous in depth outside the contact zone under the assumptions of Theorem 1,
for 0 < A < A* and A > A’, where A* and A9 are certain fixed values of A.

Remark. Analogous results hold for the bending of a beam resting on a strip inhomogeneous in depth or on an
inhomogeneous half-space. The proof uses the asymptotic properties of the approximate solutions of the appropriate
contact problems, as established in [2, 3, 12].

6. As an example, consider the bending of a circular plate under a uniformly distributed load of unit intensity.
In that case (p(r) = p = const)
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Fig. 1(a-d).
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Fig. 1(e-h).

Po=pV2/2; p, =0, m=12,.
The plate rests on a half-space whose Young’s modulus varies with depth according to the law
E@=EQG), -l <z<0; E@)=Ep-l), z<-1
Poisson’s ratio of the foundation is vy = ¥3, —o < z < 0 and that of the plate v, = 0.15.
We consider the following types of inhomogeneity.
1. Monotonic (power-law)
(a) increasing with depth
9, (2)=0,1-22%, a, =In0.1(k-1)/2In0,5, k=2
(b) decreasing
02(2)=11-2>%, g, =In(1.1-0.1k)/2In0.5, k=9
2. Non-monotonic (sinusoidal)
@(2) = L.l +sin(n2), @4z) = 0.1 - sin(nz)

Figure 1 shows graphs of the quantity 1°(7) = g,(r)g 3(r), which characterizes the distribution of the contact normal
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pressures under the plate on the inhomogeneous foundation compared with a homogeneous base go(r), for different
values of A (go(r) corresponds to E(z) = Eg, z < 0). Here and below Fig. 1(a), (c), (¢) and (g) correspond to a
plate bending stiffness s = 0, 1; F1g 1(b), (d), (f) and (h) correspond to s = 3. The dlgltS on the curves indicate
the values of A. The ordinate 1° in Fig, 1(a) and (b) corresponds to the law ¢1(2), in Fig. 1(c) and (d) to 9,(z),
in Fig. 1(e) and (f) to p;(2) and in Fig. 1(g) and (h) to @4(z). We can conclude that in the case of an inhomogeneity
which decreases monotonically with depth, as in ¢,(z), negative contact pressures occur, indicating that the plate
separates from the foundation (Fig. 1g and h). In such cases the formulation of the problem must be modified.
The plate/foundation contact zone may be determined from the condition that the contact pressures vanish at
the boundaries of the zone. The separation zone expands when the bending stiffness of the plate is increased
(Fig. 1h).

For the non-monotonic inhomogeneity laws @4(z) and @4(z) it is characteristic that when @(z) at the surface of
the foundation increases with depth (p;(z)), one observes an increase in the quantity 1° characterizing the coefficient
of the contact stress singularity as the plate edge is approached from within. The plate does not separate from the
base.

If 9(2) at the surface of the foundation decreases with depth (94(2)), there is a decrease in 1° as the plate edge
is approached from within. It is evident that the distribution of the contact pressures depends essentially both on
the depth of the inhomogeneous layer and the form of inhomogeneity, and on the bending stiffness of the plate.

Figure 2 shows graphs representing the relative settlement of the surface of the inhomogeneous half-space relative
to that of a homogeneous base (under the plate and outside the contact zone)

A(r)=w,(Nwg'(r), 0<r<1; A =f, (N (), r>1

Fig. 2(a—d).
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Fig. 2(e-h).

When ¢(z) is a monotonically increasing function (inhomogeneity law 91(2)), the “cratering” of the settlement

of the base surface under the plate is steeper than for a homogeneous base (Fig. 2a, b). Conversely, when ¢(z) is
monotonically decreasing (inhomogeneity law @,(2)), the settlement cratering is shallower than for a homogeneous
foundation (Fig. 2¢, d). For the non-monotonic inhomogeneity laws 95(z) and @4(z), the shape of the cratering
depends essentially on A—the relative thickness of the inhomogeneous layer under the plate (Fig. 2e-h).
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